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Abstract 

This paper follows on from [N], in which we study flat surfaces with erasing forest, these surfaces 
are obtained by deforming the metric structure of translation surfaces, and their moduli space can 
be viewed as some deformations of the moduli space of translation surfaces. We showed that the 
moduli spaces of such surfaces are complex orbifolds, and admit a natural volume form /zx r - The 
aim of this paper is to show that the volume of those moduli spaces with respect to /ZTr normalized 
by some energy function involving the area, and the total length of the erasing forest, is finite. Since 
translation surfaces, and flat surfaces of genus zero can be viewed as special cases of flat surfaces 
with erasing forest, and on their moduli space, the volume form /i^ equals the usual ones up to a 
multiplicative constant, this result allows us to recover some classical results of Masur-Veech, and 
of Thurston concerning the finiteness of the volume of the moduli space of translation sufaces, and 
of the moduli space of polyhedral flat surfaces. 



1 Introduction 

In [N] , we have introduced the notion of flat surface with erasing forest. An erasing forest A in a flat 
surface with conical singularities S is a union of disjoint geodesic trees such that 

• the vertex set of A contains all the singularities of S, 

• the holonomy of any closed curve which does not intersect the forest A is a translation of R 2 . 



Note that a 'generic' flat surface does not admit any erasing forest. 



Recall that a translation surface is a flat surface with conical singularities verifying the following 
property: the holonomy of any closed curve (which does not contain any singularity) is a translation. 
Given a translation surface E, we can construct a flat surface with erasing forest by deforming its 
metric structure as follows: first, cut off a small disk about a singular point of S, note that by the 
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definition of translation surface, the cone angle at any singular point of S must belong to 2-7rN. We 
can modify the metric structure inside the small disk to get a flat disk with several singular points, 
whose cone angles can be chosen arbitrarily, while the boundary stays unchanged. We can then glue 
the disk back to S. If the boundary is convex, then it is not hard to show that there exists a geodesic 
tree inside the disk whose vertex set is the set of singularities. Carrying out this operation for all 
the singular points of S, we get a new flat surface £' together with a family of geodesic trees. By 
construction, the union of these trees is an erasing forest of 

A translation surface is a particular flat surface with erasing forest, where each tree in the erasing 
forest is just a singular point. A flat surface of genus zero can also be viewed as a flat surface with 
erasing forest, since there always exists a geodesic tree on this surface whose vertex set is the set of 
singularities, and the complement of such a tree is just a topological disk. 

Given a flat surface E with an erasing forest A, a parallel vector field on £ is a vector field defined 
on the complement of the erasing forest A which is invariant by the parallel transport. In a local 
chart of the flat metric structure, the integral lines of such a field are parallel. On any (connected) flat 
surface with erasing forest, such vector fields always exist, they are uniquely determined by a tangent 
vector at a fixed point in the complement of the erasing forest. 

Given an integer g ^ 0, and positive real numbers a±, . . . ,a n , verifying 

n 

Y, a * = (2g + n-2)2ir, 
i=l 

let us fix a family A = {A±, . . . , A m } of topological trees such that the total number of vertices of the 
trees in A is n, and choose a numbering on the set of vertices of A. Note that we consider an isolated 
point as a special tree. Let a denote the vector (ai, . . . , a n ), and A4 ct (A,a) denote the set of triples 
(£, A, £) where 

• S is a closed, connected, oriented flat surface of genus g with cone singularities, 

• A is an erasing forest in £ consisting of m geodesic trees Ai, . . . , A m , we also suppose that the 
trees and vertices of A are numbered so that Aj is isomorphic to Aj (as topological trees), and 
by those isomorphisms, the i-th vertex of A is mapped to a singular point with cone angle aij. 

• £ is a unitary parallel vector field defined on £ \ A. 

In [N], we proved that Ad (A, a) has a structure of analytic complex orbifold of dimension 

f 2g + n - 1 if aj £ 27rN, Vi = 1, . . . , n, 
\ 2g + n — 2 otherwise, 

together with a natural volume form /iir- Remark that, as all the trees in the erasing forest shrink to 
points, a flat surface with erasing forest becomes a translation surface. Therefore, A4 et (A, a) can be 
viewed as a deformation of some stratum of the moduli space of translation surfaces. 
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Consider the following function on Ai (A, a) 

■pet . M et (A,a) — ► E 

(S,i,0 i— »• exp(-Area(£) -1 2 {A)) 

where £(A) is the total length of the trees in A. In what follows, we will call a topological tree which 
is not a point a non-trivial tree. The main result of this paper is the following 

Theorem 1.1 If at least one of the trees in the family A is non-trivial, then the integral of the function 
J- Ct over M et (A,a) with respect to /xxr is finite: 

T et dfi Tr < oo. (1) 

M ct (A,a) 
Remark: 



• The integral (1) is still finite if we multiply the total length of the erasing forest by a param- 
eter e > 0, that is the statement of Theorem 1.1 is also true for functions J-f 1 : (£,A,£) i— > 
exp(-Area(£) - e£ 2 (A)), with e > 0. 

• Let ex,... , e n - m denote the edges of the trees in the forest A, and £(e^) denote the length of ei, 
then the integral (1) is also finite if we replace J 76 * by the function 



n—m 

: (£,4,0 ^ exp(-Area(S) - ^ £ 2 (e*))- 

i=l 

The proofs for Tf" and J- et are the same as the proof for J-~ ct . 

In the case where all the trees in A are points, the space A4 et (A,a) is identified to a stratum 
H(kx, ■ ■ ■ ,k n ) of the moduli space of Abelian differentials on Riemann surfaces of genus g, and we 
have 

T ct {Z,A,£) = exp(-Area(S)). 
The similar result for this case can be proved as a consequence of Theorem 1.1, that is 

Theorem 1.2 We have 

/ exp(— Area(.))d//Tr < oo. (2) 

Jn{k u ...,kn) 

Note that the assumption that at least one of the trees in the forest is not a point is crucial for the 
proof of Theorem 1.1, hence, Theorem 1.2 cannot be considered as a particular case of Theorem 1.1. 

Let Hx(kx, ■ ■ ■ , k n ) denote the subset of %{kx, ■ ■ ■ , k n ) consisting of surfaces of unit area. Let /x^. 
denote the volume form on ~Hx{kx, • • • , k n ) which is induced by /x-pr- A direct consequence of Theorem 
1.2 is the following 
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Corollary 1.3 The total measure /j,^ I ('Hi(ki, . . . , k n )) is finite. 

Proof: Identifying 7i(ki, . . . , k n ) to 7ix(ki, . . . , k n ) x W* + , and we can write d/iTr = t s d^ r dt, where 
s = diniK Hi (ki, . . . , k n ) which is odd. Therefore, we have 

/ exp(— Area(.))d//Tr = / / t s e~ f2 dtdfJ^, 

Jn{k u ...,k n ) JHi(ki,...,kn) Jo 

dn\ r 



and the corollary follows. □ 

On the space H(k\, . . . , k n ), we have (see [MT], [Z2]) a "natural" volume form which is defined 
by the period mapping, let /ij denote the volume form on Hi(ki, . . . , k n ) which is induced by hq. In 
[N], we proved that fj,^ = XfJ-o, where A is a constant on each connected component of 7~L(k\] . . . , k n ^j. 
By a well known result of Kontsevich-Zorich [KZ], we know that ~H(ki, . . . , k n ) has at most three 
connected components, thus Corollary 1.3 is equivalent to the classical result of Masur-Veech stating 
that the volume of ~Hi(ki, . . . , k n ) with respect to Hq is finite. 

Let us now consider flat surfaces of genus zero, that is flat surfaces homeomorphic to the sphere 
S 2 . Fix n, n ^ 3, positive real numbers ai, . . . ,a n verifying 

n 

^2a>i = {n- 2)2vr. 
i=i 

Let a denote the n-uple (ai, . . . , a n ), and Ai(S 2 , a)* denote the moduli space of flat surfaces of genus 
zero having exactly n singular points with cone angles a%,. . . ,a n . Let -M(S 2 ,a) denote the product 
space M(S 2 ,a)* x S 1 . 

Given a point (T,,e t9 ) in A4(S 2 ,a), it is not difficult to see that there always exists an erasing forest 
consisting of only one geodesic tree A in S, therefore, a neighborhood of (S,e* e ) in Ai(S 2 ,a) can be 
identified to an open set in A4 ct (A, a), where the family A contains only one tree which is isomorphic 
to A. We also get a volume form //^ on a neighborhood of (S, e' 6 *) which, a priori, depends on a choice 
of the erasing tree A. In [N], we showed that the volume form \i% actually does not depend on the 
choice of the tree A, therefore, we get a well defined volume form /xtt on A4(S 2 ,a). Using Theorem 
1.1, we will prove 

Theorem 1.4 The integral of the function (S,e i61 ) i — > exp(— Area(S)) over A4 (§> 2 , a) with respect 
to /xtt is finite: 



[ e - Area d/J T r < CO. (3) 

JM(S 2 ,a) 
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Let A / li(§ 2 , a)* denote the subset of A4(§> 2 ,a)* consisting of surfaces of unit area. The volume form 
UTr on -A/f(S 2 ,a) induces a volume form jj,^ r on A4\(S 2 , a)* . The same arguments as in Corollary 1.3 
show 

Corollary 1.5 The volume of A4i(§ 2 , a)* with respect to fi^ T is finite. 

In the case where oii < 2ir, for i = 1, . . . ,n, Thurston [Th] showed that A4i(S 2 , a)* can be equipped 
with a complex hyperbolic metric structure with finite volume. In [N], it is showed that fi\ r = A/iHyp ; 
where A is a constant, and ^Hyp is the volume form induced by the complex hyperbolic metric. There- 
fore Theorem 1.4 can be considered as a generalization of the Thurston's result. It is also worth 
noticing that a similar result to Corollary 1.5 has been proved in [V3]. 

In the next section, we recall the definitions of the local charts for A4 et (A, a), and the construction 
of the volume form //Tr- In Section 3, we will give the proof of Theorem 1.1 in a simple case. The 
proof of Theorem 1.1 for the general case will be given in Section 4, and subsequently the proof of 
Theorem 1.2, and Theorem 1.4 will be given in Section 5, and Section 6. 

Acknowledgements: The author would like to express his gratitude toward Frangois Labourie for 
the guidance, and for the encouraging discussions, which are indispensable for the accomplishment of 
this work. This manuscript is written during the author's stay at Max-Planck-Institut fiir Mathematik 
in Bonn, the author is thankful to the Institute for its hospitality. 
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2 Local charts and volume form on A4 (A, a) 

In this section, we recall the definitions of local charts, and of the volume form fi^r on Ai ct (A, a) as 
well as A4 (§ 2 , a) , details of proofs are given in [N] . 

Let (E, A,£) be a point in A4 et (A, a). A geodesic triangulation T of S is said to be admissible if its 
1-skeleton contains the forest A. Given such a triangulation, we construct a local chart for A4 et (A, a) 
in a neighborhood of (E, A, £) as follows: first, cut open the surface E along the trees of A, we then 
get a flat surface E with piecewise geodesic boundary together with a geodesic triangulation T. 

We choose an orientation for every (geometric) edge in the 1-skeleton of T. Map each triangle of T 
isometrically, and preserving the orientation into M 2 such that the parallel vector field £ is identified 
to the constant vertical vector field (0, 1) of M 2 . We can then associate to each oriented edge e in the 
1-skeleton of T a well-defined complex number z(e). The complex numbers associated to edges of T 
are obviously related, namely 

• If ej, ej, ek are the edges of T that bound a triangle then 

± z( ei ) ± z( ej ) ± z(e k ) = (4) 
where the signs are chosen according to the orientation of ej, ej, and e^. 
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• If (e, e) is a pair of edges in the boundary of E which arise from the same edge e of a tree in A, 
then 

± 2(e) ± e l0 z(e) = (5) 

where is the rotation angle of the holonomy of a closed curve in E meeting A at only one 
point in e transversely, 9 is determined up to sign by the angles (qi, ... ,a n ), and the tree that 
contains e. 

Let iVi and N2 be the number of edges and the number of triangles of T respectively. Simple 
computations show that 

Ni = 3(2g + m - 2) + 4(n - m), and N 2 = 2(2g + m-2) + 2{n- m). 

The complex numbers associated to the edges of T give us a vector Z in C^ 1 . The arguments above 
show that the coordinates of Z satisfy a system St of linear equations consisting of 

• N2 equations of type (4) which will be called triangle equations, and 

• n — m equations of type (5) which will be called boundary equations 

Let 

A T : C^ 1 -> C N2+{n ~ m) 

be the complex linear map which is defined in the canonical bases of C^ 1 and iC N 2+( n - m ) by the matrix 
whose entries are coefficients of the system St- Note that every entry of the matrix of At is either 
0, or a complex number of module 1. We then have a map \&t defined in a neighborhood of (E,A, £) 
with image in ker At, which associates to any point (Y,',A',t;') close to (E, A, £) a vector in ker At 
whose coordinates arise from an admissible triangulation T' of E' isomorphic to T. It turns out that 
^t is a local chart for Ai et (A, a), as a consequence dime M. et {A, a) = dime ker At, and we have 

2g + n - 1 if «j G 27rN, Vi = 1, . . . , n, 
2g + n — 2 otherwise. 



dime M et (A, a) = Ni - rk(S T ) = 
Using At, we define a volume form z/r on ker At as follows: 



If dim Ai et (A, a) = 2g + n — 1, or equivalently rkAp = ^2 + (n — m) — 1, then ZAp is the volume 
form on ker At which is induced by the Lebesgue measures of C N \C N2+( - m - n \ and C via the 
following exact sequence 

— > ker A T C Nl ^> c JV 2 +(n-m) _^ c _^ Q ^ 
where s is a linear form on c Ar 2+(«-m) Q f f orm 

) = ±Zl ± • • • ± ZN 2 
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• If dim A4 et (A, a) = 2g + n — 2, or equivalently rkAx = N2 + n — m, then t*r is the volume form 
which is induced by the Lebesgue measures of C^ 1 , and C" 2+n ~ m via the exact sequence 

—> ker A T C Nl ^> C N2+n ~ m — > (7) 

Let /xt denote ^ t ^t ; then ^ is a volume form defined in a neighborhood of (£,A, £). It turns out 
that the volume form /ix does not depend on the choice of the triangulation T, thus we get a well 
defined volume form on A4 et (A, a) which is denoted by fj,T r . 

Recall that Ai(S 2 ,a)* is the moduli space of flat surfaces of genus zero having exactly n singular- 
ities with cone angles given by a = (a\, . . . ,a n ). Let £ be a point in M.(S 2 ,a)*, then there exists 
a geodesic tree A on £ whose vertex set is the set of singular points, such a tree is by definition an 
erasing forest of £. As a consequence, a neig hborhood of a point (£,e* 9 ) inM(S 2 ,a) = M{§ 2 , a)* x S 1 
can be identified to a neighborhood of a point (£,^4,£) in Ai {A, a), where A contains only one tree, 
which is isomorphic to A. We can then use the same method as above to define local charts, and the 
volume form fij^ for A4(§> 2 ,a). 

Note that in this case there always exist indices i € {1, . . . , n} such that a» 27rN, since we must have 
«i + • • • + a n = (n — 2)27r. It follows that dime M.(S 2 , a) = n — 2, and /iTr is defined by the exact 
sequence (7). The fact that /zty is well-defined follows from the observation that any two geodesic 
triangulations of £ whose vertex sets coincide with the set of singular points of £ can be transformed, 
one into the other, by a sequence of elementary moves (see [N], Definition 6.1). 



3 Case of flat tori with marked geodesic segments 

In this section, we prove Theorem 1.1 for the case g = 1, n = 2, m = 1, a\ = «2 = 27r, and A = {1} 
where I is a segment. Via this simple case, we would like to illustrate the strategy of the proof of 
Theorem 1.1 in the general case. An element of Ai (I , (2tt , 2tt)) is a triple (£,/,£), where £ is a 
flat torus (without singularity), I is an oriented geodesic segment in £ with distinct endpoints, the 
orientation of / arises from a numbering of its endpoints, and £ is a unitary parallel vector field on £. 
Note that 

dim c X et (I, (27r,2vr)) = 3. 

Given an element (£,/,£) in Ai (I, (2tt, 27t)), let p and q denote the endpoints of / so that the 
orientation of / is from p to q. Let us start by showing that one can always cut the torus £ into two 
cylinders such that one of which contains /. This will allows us to get a domain in C 3 which covers a 
full measure subset of M et (2, (2ir, 2ir)). 

Lemma 3.1 There always exists a pair of parallel simple closed geodesic 7 P ,7 9 of £ such that 

7 P n / = {p}, and 7q H / = {q}. 
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Proof: Choose a direction 9 which is not parallel to /, and let (ipf), t £ K, denote the geodesic flow 
on £ in this direction. Observe that there exists t > such that 

(8) 

since otherwise, the area of the stripe swept out by (ipf)tyo(I) would tend to infinity. Let to > be 
the first time such that (8) holds. By definition, there exists a closed parallelogram P in M? with two 
horizontal sides, and an isometric immersion ip : P — > £, whose restriction to int(P) is an embedding, 
which maps the lower horizontal side of P to I, and the upper horizontal side of P to ^f (/)- Since 
the segments / and ipf (I) are parallel, and have the same length, their intersection contains at least 
one endpoint of /. Without loss of generality, we can assume that 

P G/n<(i). 

Consequently, (p~ l {p) contains exactly two points, one in lower horizontal side, and the other in the 
upper horizontal side of P. 

Let s be the geodesic segment in P joining two points in (p^ 1 (p), then 7 p = ip(s) is a closed geodesic in 
£ which intersects / only at p. The closed geodesies parallel to j p which intersect / fill out a cylinder 
whose boundary consists of -y p , and the closed geodesic parallel to 7 P passing through q, we denote 
this geodesic by 7 g . By construction, 7 p and 7 g satisfy the required condition of the lemma. □ 




The closed geodesies j p and j q cut E into two cylinders, the one which contains / will be denoted 
by Ci, the other one by C2. Let 5 be a geodesic segment joining p and q which is contained in C2. 

The complement in E of the set / U 7 P U 7^ U 5 is the union of two open parallelograms. By an 
embedding of these two parallelograms into M 2 which sends £ onto the constant vertical vector field 
(0, 1), we can associate the complex numbers Z, z, w to /, 7 P , 5 respectively with a choice of orientation 
for each of these segments. Recall that / is already oriented, hence Z is well defined, we can choose 
the orientation of 7 P , and 5 so that: 

Area(Ci) = lm(Zz) > and Area(C2) = Im(zIZJ) > 0. 
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We define two functions rji , r]2 on C 3 by the following formulae 

rji(Z,z,w) =lm(Zz), r]2(Z,z,w) =lm(zw). 

Set 

V = {(Z,z,w) G C 3 | rn(Z,z,w) > 0,r] 2 (Z,z,w) > 0}. 

Remark that, given (Z, z, w) in T>, one can construct a flat torus with a marked segment by first 
constructing two parallelograms in M? from the pairs of complex numbers (Z,z) and (z,w), and then 
gluing these two parallelograms as shown in the above figure. We then get a map: 

p : V — > M c \l, (27r,27r)), 

which is surjective and locally homeomorphic. The pull-back of the volume form on T> is equal 
to the Lebesgue measure of C 3 up to a multiplicative constant. Clearly, the pull-back of the energy 
function F ct on Ai et (l, (2tt, 2n)) is the following function on V 

T(Z,z,w) = exp(-|Z| 2 - (rn(Z,z,w) +rfi(Z,z,w))). 

We say that a triple (£,/,£) is in special position if either I is parallel to £, or the trajectory 
(ipt)t>o(p), where (ipt) is the flow generated by £, returns to p without meeting any other point of I. 
Let M et (l, (2-7T, 2-7r)) sp denote the set of triples in special position in M et (l, (2tt, 2ir)). We have 

Lemma 3.2 The set A4 ct (I, (2ir, 27r)) sp is of measure with respect to /iTr- 

Proof: The lemma follows from the fact that A4 et (I, (2ir, 27r)) sp is the image under p of the set 

{(Z, z,w) £P: Re(Z) = or Re(z) = 0}, 
which is obviously of measure zero with respect to the Lebesgue measure of C 3 . □ 

Now, let (£,/,£) be an element in the complement of A4 et (I, (2ir, 27r)) sp . Let (Z,x,w) be the 
complex numbers associated to I, j p , and 5 as above. Set 

A = Re(Z), a = Re(z), b = Ke(w) and B = \m.(Z),x = lm(z),y = lm(w). 

Since ^ is not parallel to /, we can take the direction 9 in the proof of Lemma 3.1 to be the one 
determined by £. Suppose that 7 P arises from this construction then we have 

\a\ ^ \A\. 

Remark that, since ^) is not in special position, we have \a\ > 0. Since Ci is a cylinder, we can 
choose the segment 5 so that 

\b\ ^ \a\. 

Now, set 



9 



V = {(Z,z,w) eV : \A\ ^ \a\ > |6|}. 

From the arguments above, we deduce that p(T>o) contains the complement of M et (I, (2ir, 27r)) sp . 
Hence, the result of Theorem 1.1 for this case will follow from the following proposition: 

Proposition 3.3 We have 

J = T(Z, z, w)dAdBdadbdxdy = / exp(-(A 2 + B 2 ) - (771 + r] 2 ))dAdBdadbdxdy < 00. 

Proof: From the definition of the domain T>o, we have 

J = [ [ exp(-(A 2 + B 2 )) x [ /' ' [ I ' [ f [ exp(-r ?1 - rj 2 )dxdy]db]da]dAdB. 
J J J-\A\ J-\a\ J J 

Fix A, B, a, b, and consider the integral 

J J exp(-ryi - r] 2 )dxdy. 

By definition, we have: 

rji = Ba — Ax and 7/2 = xb — ay. 
Using the change of variables (x,y) 1 — > (?7i,%)) we have 

drjidr/2 = \Aa\dxdy. 

Since rji(Z,z,w) > 0, and rj2(Z,z,w) > for every (Z,z,w) in Vq, it follows 

r r r+°° r+°° e -vi e ~V2 \ 

/ / exp(-r?i - rj 2 )dxdy = / / — — — drjidrj 2 = —— -. 

J J(z,z,w)ev Jo Jo \ A a\ \Aa\ 

Consequently, 



f r r\ A \ r\ a \ 1 /*°° p 00 

J= / exp(-yl 2 -B 2 )[ / [/ —db}da}dAdB = A J e~ {A ' 2+B2) dAdB < 00. 

J J J — I j4 J — I Q, I I I i/ — 00 J — 00 

This proves the proposition, and hence, Theorem 1.1 is proved for the case of M et (l, (2tt, 2tt)). □ 
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4 Proof of Theorem 1.1 



In this section, we will give the proof of Theorem 1.1 for the general case. Our strategy is very similar 
to the one in the particular case A4 et (I, (2tt, 2tt)), namely, we specify a finite family of open subsets 
of A4 et (A,a) which covers a subset of full measure, and show that the integral of the function J 7 * 3 * on 
every member of this family is finite. Those open subsets of Ad (A, a) are defined by means of special 
admissible triangulations of surfaces in A4 et (A,g) which are constructed by using the parallel vector 
field. Throughout this section, we assume that m < n, which means that the family A = {Ai, ■ ■ ■ , A m } 
contains at least a non-trivial tree. Note that the total number of edges of the trees in A is n — m. 



4.1 Admissible matrix 

Set 7V 2 * = N 2 + (n - m), and N = dim c M et {A, a). Recall that we have 

( Nx - iV 2 * + 1 if ai £ 2vrN, V* = 1, . . . , n, 
\ JVi — iV| otherwise. 

Let us define 

Definition 4.1 A matrix A in Mjv*,iVi(C) is called admissible if there exists an element (£, A, £) in 
A4 et (A,a), and an admissible triangulation T o/S such that A is the coefficient matrix of the linear 
system associated to T. 

Let a be a row of an admissible matrix. If a corresponds to a triangle equation, then a is called an 
ordinary row, otherwise, i.e. when a corresponds to a boundary equation, it is called an exceptional 
row. 

Observe that the set of admissible matrices is finite. To see this, let (E,A,£) be an element of 
Ai et (A, a), T be an admissible triangulation of E, and St be the system associated to T. Recall that 
St consists of N2 triangle equations, and (n — m) boundary equations. Let At € Mjv 2 *,Vi(C) be the 
coefficient matrix of St- Let a be a row vector of At, then either 

. a is an ordinary row, in this case, a contains exactly three non-zero entries which belong to 
{±1}, or 

. a is an exceptional row, in this case a contains exactly two non-zero entries, one of which belongs 
to {±1}, the other is of the form ±e t9 . 

For any exceptional row, the angle 8 belongs to a finite set of [0; 2tt], since it corresponds to an edge 
of a tree the forest A, and is determined up to sign by the angles in a. As a consequence, we see that 
a belongs to finite set of C^ 1 . Therefore, At belongs to a finite set of Mjv* jVi(C). 

Let a be an exceptional row of an admissible matrix which is associated to an equation of the form 
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±zi ± e w zj = 0. 

We will call the operation consisting of multiplying a by e~ %e a reversing operation. Recall that a cor- 
responds to an edge of an erasing forest on a flat surface, and the angle is the rotation angle of the 
holonomy of a closed curve which intersects the erasing forest at only one point in the corresponding 
edge transversely. Reversing the orientation of the closed curve gives rise to the reversing operation 
on the row a. 

Let (E, A,£) be an element of M ct (A, a). An admissible triangulation T of E does not give rise to 
a unique admissible matrix, since the coefficients of the system St depend on the following data 

. a numbering on the set of edges of the triangulation T, which is the triangulation induced by T 
on the surface obtained by slitting open E along trees in A. 

. a choice of orientation for each edge of T. 

. a numbering on the set of triangles of T. 

. a choice of orientation for the boundary of each triangle of T. 

. for each edge of the forest A, a choice of orientation for the closed curve which intersects A at 
only one point in this edge transversely. 

Therefore, we have an equivalence relation on the set of admissible matrices defined as follows 

Definition 4.2 Two admissible matrices A\ and A2 are said to be equivalent if A2 can be obtained 
from Ai by a sequence of the following operations 

• interchanging two columns, 

• interchanging two rows, 

• changing sign of a columns, 

• changing sign of a row, 

• reversing operation on an exceptional row. 

Clearly, two admissible matrices arising from the same admissible triangulation are equivalent. 

Let AV denote the set of equivalence classes of admissible matrices in Mjv|,ati(C). For each s in 
AT>, choose a matrix A s in the equivalence class s, we then get a finite family {A s , s G AV} of 
matrices in Mjv|,ati(C). We will associate to each s in AV an open subset of ker A s on which one can 
define a map Q s with image in M ct (A,a) which is locally homeomorphic. 

Given s in AV, for any Z = (z\, . . . , zn x ) in ker A s , such that Z{ 7^ 0, for i = 1, . . . , Ni, let E^ denote 
the 'surface' obtained from Z by the following construction 
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1. Construct a triangle in M 2 from Zj, Zj, whenever there is an ordinary row a in A s such that 

a ■ f Z = ±zi ± ± Zfc. 

2. Glue the triangles obtained from 1. together by identifying sides corresponding to the same 
coordinate of Z. 

3. Identify the sides corresponding to z% and Zj whenever there exists an exceptional row a in A s 
such that 

a- l Z = ±7% ±e ie zj. 

Let U s be the open subset of ker A s which is defined by the condition: 

U s = {Z in ker A s with non-zero coordinates, such that is a closed, oriented, connected 
flat surface, having exactly n singularities with cone angles a±, . . . ,a n }. 

We can then define a map 3> s from U s into A4 et (A, a) by associating to a vector Z in U s the triple 
(Ez,Az,£z), where Az is the forest consisting of the segments arising from the exceptional rows in 
A s , and ^z is the vector field corresponding to the vertical constant vector field (0, 1) of M 2 . 

By construction, for any point (£, A, £) in $ S (ZY S ), there is an admissible triangulation T of S such 
that the a local chart defined in a neighborhood of (E,A,£) verifies = *t- It follows that 
<&s(U s ) is an open subset of M et (A, a). Since every element of M et (A,a) is contained in the domain 
of a local chart associated to an admissible triangulation, the following proposition is now clear 

Proposition 4.3 The family {& S (U S ), s G AV} is a finite open cover of the space M ct (A, a). 

4.2 Primary, auxiliary systems of indices, and admissible triple 

Set 



K = N - (2g + m - 2) 



n — m + 1 ii N = 2g + n — 1 , 
n-m if N = 2g + n - 2. 



In what follows, we will identify any matrix in Mjv*,jvi(C) (resp. Mat 2i at 1 (C)) to the linear map from 
C^ 1 to C N Z (resp. to C^ 2 ) which is defined by this matrix in the canonical bases of C^ 1 , and 
(resp. of C^ 1 , and C^ 2 ). 



Definition 4.4 Given a matrix A in M niiTl2 (C) with n\ < n2, set r = dimker A = n2 — rkA. A 
primary system of indices for A is an ordered subset . . . , i r ) of {1, . . . , 712} such that there exist n<i 
complex linear functions fi : C r — > C, i = 1, . . . ,ri2, verifying the following condition: 

(zi, . . . , z Tl2 ) G ker A if and only if z% = fi(z h z ir ), for i = 1, . . . , n 2 . 
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Definition 4.5 Given an s in AT), and a primary system of indices I = (ii, . . . , ijv) for A s , an 
auxiliary system of indices for I is an ordered subset (Jk, ■ ■ ■ ,jN) of {1, . . . ,N\}, which is empty if 
K > N (that is when g = 0, and m = 1), such that, for k = K, . . . , N 

i) f jk depends only on (z h ,. . . , z ik 

ii) the coefficients of Zi K , . . . , Zi k _ 1 in fj k are all real, 

Hi) There exists an ordinary row in A s whose i^-th and jk-th entries are both non-zero. 

Convention: Given a matrix A in Mjv* jVi(C), or in Mjy 2 ,JVi(C), in what follows, we will say that 
Zj is a linear function of (z^, . . . , Z{ k ), or Zj depends linearly on . . . , zi k ) as (zi, . . . , Zjvi) varies in 
ker A if there exists a vector (Ai, . . . , Xk) in C k such that 

A ■* (z 1} . . . ,z Nl ) = implies Zj = Xiz h H h \kZi k - 

Remark: If (jk, ■ ■ ■ ,Jn) is an auxiliary system for . . . , ijy), then we have 

• Zj k can be written as a linear function of (z^, . . . , Zi k _ 1 ), for k = K, . . . , N, as Z = (zi, . . . , zn x ) 
varies in ker A s . 

• Assume that = & S (Z), and let T be the geodesic triangulation of S which is obtained 
from the construction of then the condition Hi) of 4.5 implies that Zi k and Zj k are associated 
to two sides of a triangle in T. 

For the case M et (l, (27r, 27r)), let (£,/,£) be an element of M et (l, (2n,2n)), and let p, q, y p , y q , 5, 
and Z,z,w be as in Section 3. We can add some geodesic segments whose endpoints are contained 
in the set {p, q} to get a triangulation of X. We then get a triangulation of the surface X which is 
obtained from X by slitting along I. This triangulation gives rise to a an admissible matrix A in 
Msj(C) with dim ker A = 3. There exists a linear isomorphism ip from C 3 to ker A, we can arrange so 
that, for any {z\, ... ,£7) = <p(Z, z, w) then z\ = Z,zi = z, Z3 = w. In this case, N = 3, K = 2, there- 
fore (1, 2, 3) is a primary system of indices for A, and (1, 2) is an auxiliary system of indices for (1, 2, 3). 

By Proposition 4.3, we know that Ai et (A, a) is covered by the family of open subsets {& S (U S ), s € 
AT>}. Therefore, to prove Theorem 1.1, we only need to show that the integral of the function T ct 
on Q S (IA S ) is finite. This would be done if we could show that the integral of $*J ret on IA S is finite. 
However, the domain IA S is still too large, and this integral can be infinite. The primary and auxiliary 
systems of indices for A s , s E AT), will allow us to specify a finite family of sub-domains of IA S on 
which the integral of ^J 76 * is finite, and whose images under <3? s cover a full measure subset of Q S {U S ). 

Consider A s for some s in AT). Let a\, . . . , a/v 2 denote the ordinary rows, and b\, ... , b n - m denote 
the exceptional rows of A s . Let A* € M^a^ (C) be the matrix consisting of the ordinary rows of A s , 
and set N = dim ker A* . 

Definition 4.6 // the i-th column of A* has only one non-zero entry, we say that i is a boundary 
index of A s . Two boundary indices i\ and ii are said to be paired up if there exists an exceptional 
row in A s whose i\-th and ii-th entries are non-zero. 
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Fix a vector Z = (zi, . . . , z^) in U s , and let (£, A, £) be the image of Z under <£ s . Recall that X 
comes along with an admissible triangulation T. Let £ denote the surface obtained by slitting open 
£ along A, and T denote the triangulation of £ which is induced by T. By definition, the coordinates 
of Z is in bijection with the set of edges of a triangulation T, and the rows of A* is in bijection with 
the set of triangles of T . If i is a boundary index of A s , then Zi corresponds to an edge of T which is 
contained in the boundary of £. If ii, 12 are two boundary indices which are paired up, then the edges 
corresponding to z^, and Z{ 2 arise from the same edge of a tree in the forest A. Observe that the set 
of boundary indices of A s contains exactly 2(n — m) elements divided into (n — m) pairs. First, let us 
prove the following 

Lemma 4.7 We have rkA* = N2, or equivalently N = N\ — N2 = (2g + n — 2) + (n — m). 

Proof: We will show that the row vectors (cti, . . . , a^ 2 ) are linearly independent in C^ 1 . Assume that 
there exists (Ai, . . . , Ajv 2 ) in C^ 2 such that 

Aidi + • • • + Xjy 2 aiy 2 = 0. 

Observe that, if and ai 2 correspond to two adjacent triangles of T, then there exists j € {1, . . . , N\} 
such that the j-th column of A* contains exactly two non-zero entries, on the ii-th and the i2-th rows. 
It follows that if Aj x = 0, then Aj 2 = 0. 

Since n — m > 0, the set of boundary indices is non-empty, which means that there exists a column in 
A* which contains exactly one non-zero entry. Hence, there exists j € {1, . . . , ^2} such that Xj = 0. 
Since the surface £ is connected, the argument above implies that Ai = • • • = Aat 2 = 0, and the lemma 
follows. □ 

The next lemma tells us that a primary system of indices for A* contains at most 2(n — m) — 1 
boundary indices. 

Lemma 4.8 All the boundary indices can not be contained in a primary system of indices for A*. 

Proof: Recall that the sign of a row in A* is determined by a choice of orientation on the boundary 
of the corresponding triangle in T. Note that we are free to permute, and change sign of rows and 
columns in A*. Let h C {1, . . . , N{\ be the subset of boundary indices for A*. 

For each triangle of T, we choose the orientation of its boundary coherently with the orientation of 
the surface. Since each edge in the interior of S belongs to two distinct triangles, it follows that we 
have 

(ai H hajy 2 ) • l Z = ^ ±Zi. 

Therefore, for every (z\, . . . , z^) in ker A*, we have 

E^ = ( 9 ) 

iei b 
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which implies that the family of coordinates (zj, i E h) is not linearly independent as (z%, . . . , ZjVj) 
varies in ker A*, and the lemma follows. □ 



Our goal now is to prove that there exists a primary system of indices for A s whose {K — 1) first 
indices are boundary indices. Let us first prove the following 

Lemma 4.9 There exist primary systems of indices for A* whose first 2(n — m) — 1 elements are 
boundary indices. 

Proof: Assume that = {1, . . . , 2(n — m)} is the set of boundary indices of A*. By permuting the 
rows of A*, we can assume that the only non-zero of the first column is on the first row, that is the first 
entry of a\ is ±1. We will show that, as (zi, . . . , Zjvi) varies in ker A*, the coordinates (z 2l ■ ■ ■ , z 2 ( n _ m )) 
are linearly independent, that is ker A* is not contained in the kernel of any any linear function of the 
form 



/ : Oi, ...,z Nl )^ X 2 z 2 H h A 2 ( 

n— m) z 2(n— m) ■ 

It follows that we can add (N — 2(m — n) + 1) indices to the family {2, . . . , 2(n — m)} to get a primary 
system of indices for A*, which proves the lemma. 

All we have to show is that, if there exists a vector A' = (A' 1; . . . , Ajy ) E C^ 2 such that 

7V 2 2(n— m) 

(^2 l >! i ai)-\zx,...,z Nl )= ^2 XiZi (10) 

i=l i=2 

then A- = 0, i = 1, . . . ,N 2 . 



First, observe that we must have A' x = 0, since there is only one non-zero entry in the first column of 
A*. Consider two adjacent triangles Ai, A 2 of T. Each common edge of Ai and A 2 correspond to 
a coordinate Zj of Z, with j > 2(n — m). Let a^, aj 2 be the rows in A* which correspond to Ai, A 2 
respectively, then, in the j-th column of A* there exactly two non-zero entries, on the ii-th and the 
i 2 -th rows. Now, since the right hand side of (10) does not contain Zj, with j > 2(n — m), we deduce 
that, if A^ = 0, then A^ = 0. We already have A' x = 0, and since S is connected, it follows that A^ = 0, 
fori = l,...,JV 2 . □ 



Lemma 4.10 There exist primary systems of indices for A s whose first (K—l) elements are boundary 
indices. 

Proof: We can assume that the set of boundary indices of A* is {1, . . . , 2(n — m)}, and that i and 
(n — m) + i, i = 1, . . . , n — m, are paired up, which means that any (z\ , . . . , ) in ker A s satisfies 
(n — m) equations of the form 

Zi ± e l6i z {n _ m)+i = 0, i = 1,... ,n - m, (11) 
with some 9i in a finite set. Since (zi, . . . , ztvi) a ^ so satisfies the equation (9), it follows that we have 
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n~m 



(12) 



By Lemma 4.9, we know that there exists a primary system of indices I for A* whose 2(n — m) — 1 
first elements are boundary indices. We will show that a primary system of indices for A s can be 
obtained by removing some boundary indices in /. We have two issues: 

• Case 1: cq E 27rN, i = 1, . . . ,n. In this case, N = 2g + n — 1, K = (n — m) + 1, and 
N = (2g + n — 2) + (n — m) = N + (n — m) — 1. Note that in this case, all the angles 6% 
are zero, and with appropriate choices of orientation for the edges of T in the boundary of E, 
the equation (12) is trivial (cf. [N]). 

Let / be the ordered subset of {1, . . . , Ni} which is obtained by removing the indices {(n — m) + 
1, . . . , 2(n — m) — 1} from /. The set I contains n — m = K — 1 boundary indices. Let us show 
that / is a primary system of indices for A s . First, observe that, for any (z±, . . . , ZNi) in ker A s , 
Zi, i = 1, . . . , N\ can be written as a linear function of {zk, k G /}, since I is a primary system of 
indices for A*. Using the equations (11), we can replace Z(„_ m ) + j by ±e j Zj, j = 1, . . . ,n — m. 
Therefore, Zi, i = 1, . . . , Ni, can be written as a linear function of (zk, k 6 J) as (z%, . . . , zjvi) 
varies in ker A s . Moreover, we have 

Card{/} = 2g + n — 1 = dim ker A s , 
which implies that I is a primary system of indices for A s . 

• Case 2: there exist i G {1, . . . , n} such that 2-7rN. In this case, N = 2g + n — 2, K = n — m, 
N — N = n — m, and the equation (12) is non-trivial (cf. [N]). Without loss of generality, we can 
assume that the coefficient of z\ in (12) is non-zero, which means that, as (z%, . . . , Z/Vi) varies in 
ker A s , z\ can be written as a linear function of (2:2, . . . , z n - m ). 

Let / be the ordered subset of {1,. . . ,N\} which is obtained by removing the indices {1, (n — 
m) + 1, . . . , 2(n — m) — 1} from /. Clearly, the set / contains (n — m) — 1 = K — 1 boundary 
indices. Since / is a primary system of indices for A*, using the equations (11), and (12), we see 
that, as (#1, • - • , 2jVi) varies in ker A s , for i = 1, . . . ,N\, Zi can be written as a linear function of 
(zk, k G I). Moreover, we have 

Card{/} = N = dim ker A s , 
therefore, / is a primary system of indices for A s . The proof of the lemma is now complete. □ 

We can now define 
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Definition 4.11 Any triple (A s ; /; J), where I is a primary system of indices for A s whose (K — 1) 
first elements are boundary indices, and J is an auxiliary system od indices for I, will be called an 
admissible triple. 

Clearly, the number of admissible triples is finite. 
4.3 Good triangulation 

Throughout this subsection, given a point (£, A, £) in J\A et (A, a), we denote by £ the flat surface with 
piecewise geodesic boundary obtained by slitting open S along the trees in A. Let V denote the finite 
subset of X which arises from the vertex set V of A. The vector field £ of S gives rise to a parallel 
vector field of £ which will be denoted again by £. For any admissible triangulation T of (£, A, £), let 
T denote the induced triangulation of £. 

Let (f/^t), t GR, denote the flow generated by £ on £. Given a point p in int(£) \ V", if there exists 
to > (resp. to < 0) such that ipt {p) £ V LI <9£, then, for every t > to (resp. t < to), we consider, by 
convention, that tptip) = iptoip)- 

Let a be a geodesic segment contained in the boundary of £ with endpoints in V. We can extend 
the field £ by continuity to int(a). Assume that a is not parallel to the field £, then we say that a is an 
upper (resp. lower) boundary segment, if the field £ on int(a) points outward (resp. inward). Observe 
that in this case, the image of int(a) by ip t is well defined for all i£l. 

Let (£,A,£) be a point in Ai et (A,a), and let e be a geodesic segment of £ with endpoints in V, 
we denote by h(e) the transversal measure of e with respect to £ which is defined as follows: if we 
choose an isometric embedding of a neighborhood of e into R 2 such that the vector field £ is mapped 
to the constant vertical vector field (0, 1) of M 2 , then h(e) is the length of the horizontal projection of 
the image of e. We call h(e) the horizontal length of e. 

A triangle in S whose sides are geodesic segments denoted by e±, e2,e^ is said to be good if h{ei) > 0, 
for i = 1,2, 3. Given a good triangle A, we call the unique side of A of maximal horizontal length the 
base of A. Let T be a triangulation of S which arises from an admissible triangulation of S, if all of 
triangles of T are good, then T is called a good triangulation. The following proposition asserts that 
a 'generic' element always admits a good triangulation. 

Proposition 4.12 Let (E,A,£) be an element of A4 ct (A,a). Suppose that there exist no geodesic 
segments in S with endpoints in V which are parallel to the field £, then there exists a good triangulation 
T o/S whose edges are denoted by {e±, . . . , e^} so that, 

• The edges of T in the boundary of S are denoted by {ei, . . . , e 2 ( n _ m )}. 

• For every i G {2(n — m) + 1, . . . , N±}, there exists j < i, and a triangle A of T whose boundary 
contains both ei,ej such that ej is the base of A. 
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Proof: We construct a geodesic triangulation of £ whose vertex set is V as follows: let e%, . . . , e 2 ( ra _ m ) 
denote the geodesic segments in the boundary of £ with endpoints in V. Assume that the segment e\ 
is of maximal horizontal length among the set {ei, . . . ,e2( n _ m )}. By assumption, we have h{e\) > 0. 
Let p, q denote the endpoints of e\ (it may happen that p = q). Consider the following procedure: 

Assume that e\ is a lower boundary segment, consider the stripe St swept by {^(int(ei)), t > 0}. 
Since h(e\) > 0, for some t finite, this stripe must meet a point in the set V U <9£, otherwise its area 
would tend to infinity as t tends to +oo. 

Since the horizontal length of e\ is maximal among the set {h[e\), . . . , h(e 2 ( n - m ))}, suppose that, for 
some t 6 M + , ^t(int(ei)) is contained in a the geodesic segments e$ in the set {ei, . . . , e 2 ( n _ m )}, then 
we must have ^(int(ei)) = ej. This implies that there is a geodesic segment parallel to the field £ 
joining p to a point in V, which is a contradiction to the assumption of the lemma. Therefore, there 
exists a smallest value to > such that ^t (int(ei)) contains a point in V. 

Let r be a point in ^t (int(ei)) n V, and let e' , e" denote the two geodesic segments contained in the 
stripe Sf which join r to p, and to q. Note that even though p and q may coincide, the two segments 
e', and e" are always distinct. It can happen that one of the segments e',e" already appears in the 
set {ei, . . . , e 2 ( n _ m )} but not both of them, unless E is a triangle. By assumption, we have h(e') > 0, 
and h(e") > 0, and by construction, e\ is the base of the good triangle bounded by e', e", and e\. We 
will call ei the supporter of e' and e" . 

In the case where e\ is an upper boundary segment, by considering {^(int(ei)), t < 0} instead of 
{■0t(int(ei)), t > 0}, we also get a similar result. 

Cut off the triangle bounded by e\, e' , e" from the surface £ along the segments e' and e". The remain- 
ing surface is a flat surface with piecewise geodesic boundary which is not necessarily connected. On 
this new surface, we still have a parallel vector field which is the restriction of £. We can now reapply 
the same procedure to the new surface. The assumption of the proposition allows us to continue this 
procedure until the surface £ is cut into triangles with vertices in V, that is until we get a geodesic 
triangulation T of £ whose vertex set is V, this triangulation is necessarily a good triangulation. 

We number the edges of T which are contained in the interior of £ according to their appearing 
order in the procedure above, the ordering of two edges which appear in the same step is not impor- 
tant. Since every edge of T in the interior of £ admits a supporter which appears in the procedure 
before itself, the proposition is then proved. □ 

Proposition 4.13 If (£, A,£) is a point in Ai et (A, a) satisfying the condition of Proposition 
then there exists an admissible triple (A s ; J; J), where I = . . . ,in)> an d J = Uk, ■ ■ ■ ,jN)> an d a 
vector Z° = (zi, . . . , z% ) in U s such that 

. (£,i,c) = # s (^ ). 
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• |Re(j8?J| > |Re(z° )| for any k = K, . . . , N. 

Proof: Let T be the good triangulation of E which is obtained from Proposition 4.12. Let At be 
the matrix in Mjv* jVi(C) associated to T. Let Z° = (z®, . . . , ^ ) denote the vector of ker At whose 
coordinates are associated to the edges of T. In what follows, we consider any vector Z = (z%, . . . , z^ ± ) 
in C^ 1 as a function from the set of edges of T to C such that z% = Z(ei). 

By construction, the set lb of boundary indices for At is {1, . . . , 2(n — m)}. Let A T be the matrix 
in Mjv 2j tvi(C) consisting of all ordinary rows of At- Let N, and N denote the dimensions of ker At, 
and ker A T respectively. We first choose a primary system of indices I for A T as follows: 

• The first 2(n — m) — 1 elements of I are {2, . . . ,2(n — m)}, by Lemma 4.9, we know that, 
as Z = (zx, . . . , 2jVi) varies in kerA T , the family of coordinates (z2, ■ ■ ■ , ^(n-ml) * s linearly 
independent. 

• Assume that we have chosen k indices . . . , i' k ) for /, then the index i' k , 1 of J is the smallest 
index i! such that, as (zi, . . . , zjvi) varies in ker A T , zy can not be written as a linear function of 
(z^, ...,Zi'), in other words, the family of coordinates (z^, . . . , z# , zy) is linearly independent. 

By Lemma 4.8, we know that, for k = 2{n — m),...,N, i 1 . is not a boundary index, that is 
i' k > 2(n — m). For any k in {2(n — m), . . . ,N}, consider the edge ey of T. From Proposition 4.12, 

we know that there exists an edge with j' k < i' k , and a triangle of T whose boundary contains 
both e;> , and e,-/ such that e,-/ is the base of Afc. Consequently, we have 

\Re(z°, k )\ = h(e fk )>h(e i/k ) = \Re(4 k )\ (13) 

Let J denote the ordered subset (j^n-m)' ■ ■ ■ °^ {!)••• j -^i}- From the definition of i' k , for 
fc = 2(n — m), . . . , N, as (21, ... , Zn x ) varies in ker A T , we can write 

where f,-/ is some fixed linear function. Since the matrix AS, is real, all the coefficients of f„' are also 
real. 

By Lemma 4.10, we know that, by removing K' = 2(n — m) — K boundary indices from /, we 
obtain a primary system of indices / for At whose first (K — 1) elements are boundary indices. We 
will show that J is an auxiliary of /, which, together with (13), will allow us to conclude. 

First, observe that we can write I = (ii, • • • ,in)> where ii, . . . , %k-\ are boundary indices, and for 
k = K, . . . ,N, ik = i'k+K'- Since N — N = 2(n — m) — K = K', we can write J = (jx, ■ ■ ■ , Jat), where 
3k = j'k+K'- ^ s a consequence, for k = K, . . . ,N, the condition that there is a triangle in T whose 
boundary contains both ei k , and ej k is satisfied. 

We already know that, as (21, ... , zn x ) varies in ker At C ker A T , for k = K, . . . , N, we have 
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where fj. is a linear function with real coefficients. We can then transform fj k into a linear function 
fj k of (z^, . . . , Zi k _ 1 ) by using equations of the form (11), and (12). Since the equations (11), and 
(12) involve only boundary indices, we deduce that the coefficients of Zi K , . . . , Zi k _ 1 in fj k are all real, 
which allows us to conclude that J is an auxiliary system of indices for /. 

Clearly, the inequalities (13) can be rewritten as 

|Re(4)| > \Re(zl)\, k = K,...,N (14) 

We know that At is equivalent to a matrix A s with s in AD. The transformation of At into A s 
consists of renumbering the coordinates in C^ 1 , and changing their sign. By this transformation, 
(ii, . . . ,ijv) becomes a primary system of indices for A s , and (Jk, ■ ■ • , Jtv) becomes an auxiliary sys- 
tem of indices for (ii, . . . , ijv)- Therefore, we get an admissible triple (A s ; /; J), and a vector Z° in IA S 
which verify the conditions in the statement of the proposition. □ 

Now, given an admissible triple (A s ; /; J), where I = (ii, . . . , ijy), J = Uk, ■ ■ ■ , Jn)-, let U S (I; J) 
denote the following subset of U s 

U s (I;J) = {( Zl ,...,z Nl )£U s : \Re(z ik )\^\Re(z Jk )\, k = K,...,N}. 

We say that the element (S,A, £) of A4 et (A, a) is in special position if there exists a geodesic 
segment in E with endpoints in V parallel to the field ^. Let M et (A, a) sp denote the subset of 
A4 et (A,a) consisting of elements in special position. A direct consequence of Proposition 4.13 is the 
following 

Corollary 4.14 The finite family {& S (U S (I; J)) : (A S ;I;J) is admissible } covers the complement of 
M et {A,a) sp in M et (A,a). 

The next proposition tells us that M. et (A, a)\Ai et (A, a) sp is a subset of full measure in A4 et (A, a). 

Proposition 4.15 The set A4 et (A, a) sp is a null set in M ct (A, a) with respect to ii^ T . 

Proof: For every s in AD, let fj, s denote the volume form on IA S which is the pull-back of /ixr under 
<3? s . Let (£, A, £) be a point in A4 et (A,a) sp , let e be a geodesic segment of £ with endpoint in V 
parallel to the field £. There exists an admissible triangulation T of £ such that the 1-skeleton of T 
contains e. Since e is parallel to £, the complex number associated to e in the local chart arising from 
T is purely imaginary. As a consequence, there exist 



. s G AV, 

. i G {1, . . .,Nt}, and 

. Z G {(zi, . . . ,z Nl ) € U s \ Re(zi) = 0}, 
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such that (£, A, £) = <I> S (Z). For every s £ .4D, and every i € {1, . . . , Ni}, set 

U l s =U s n {(zx, ...,z Nl ) £C Nl | Re(z i ) = 0}. 
Note that if Z e «j, then $ S (Z) € M ct (^4,a) sp . It follows that 



se.4X> i=l 

•cJV 



Since £4 can be identified to an open subset of C , and fj, s corresponds to a volume form proportional 
to the Lebesgue measure, we have HsiUl) = 0, Vs € AT>, i G {1, . • . , N\}. It follows immediately that 
fi Tl (M et (A,a) sv ) = 0. □ 



4.4 Proof of Theorem 1.1 

From Corollary 4.14, and Proposition 4.15, to prove Theorem 1.1, all we need is the following 

Proposition 4.16 Let (A S ;I;J), where I = (ii, . . . , ijsr), J = (jKi ■ ■ ■ >iiv)j be an admissible triple. 
Let J- s , and fi s denote the pull backs of the function T et , and the volume form /i-pr onto U s by <3? s . 
Then we have: 

/ Fgd/Js < oo. 

JUs{I\J) 

Proof: By the definition of primary system of indices, we have a complex linear map 

B s : — > kerA, 

(zi,...,z N ) i — > (f 1 (zi,...,z N ),...,f Nl (z 1 ,...,z N )) 

which is an isomorphism, where fi k (zi,...,Z]\[) = Z]~. Consider a vector (wi, . . . , w^) in U s , let 
(£, A, £) denote its image under 3> s . Let T, E, T be as in the previous subsection. As usual, we denote 
the edges of T by ej, i = 1, . . . , Ni, so that Wi is the complex number associated to e.;. 

By definition, for any k = K, . . . , N , the complex numbers W{ k and Wj k correspond to two edges ei k , 
and ej k which are contained in the boundary of a triangle A^ of T. With appropriate choices of 
orientation of ei k , and ej k , the area of A^ is given by the function 

Vk = ^{Re(w ik )lm(w jk ) - lm(wi k )Re(w jk )). 

Observe that the triangles A&, k = K,. . . ,N, are all distinct. Suppose on the contrary that there 
exist k <k! such that ei k , ej k , ei k , are contained in the boundary of the same triangle. Excluding the 
cases ei y = ej fc , and ej fc , = ej k , we see that ej fc ,e Jfc , and e$ fc , are three sides of a triangle in T, which 
implies 

Wi, = ±w ik ±w jk . 
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Since Wj k is linearly dependent on (w^, . . . ,Wi k _ 1 ), it follows that Wi , is linearly dependent on 
(w^, . . . , Wi k ) as (wi, ■ ■ ■ , itfjVi) varies in kerA s , which is impossible since (ii,...,ijv) is a primary 
system of indices for A s . As a consequence, we have 



N 



Area(S) ^ ^ % (15) 



k=K 

Let r]k, k = K, . . . , N, denote the pull back of the function rjk by B s . It follows that B.T 1 (£//,(/; J)) is 
contained in the following subset of 

W s = {(z l ,...,z N )eC N : |Re(z fc )| < \Re(f jk ( Zl ,...,z N ))\, Vk > 0, k = K, . . . , N}. 

Let Q s denote the pull back of F s by B s , since the volume form B*/x s equals k\ 2 n, where \ 2 n is the 
Lebesgue measure of C , and k is a constant, all we need to show is the following 

Q s d\ 2 N < 00 (16) 

m 

To simplify the notations, for k = 1, . . . , N, set x k = He(z k ), y k = Im(^). For k = K, . . . ,N, 
we write f k instead of fj k , and set a k = Re(fk), b k = Jm(f k ). Recall that, by definition, fk depends 
only on (z%, . . . , Zk-i), and the coefficients of zjc, • • • , Zfc-i in fk are all real. Thus, we deduce that a k 
is a function of (z\, . . . , zk-i,xk, • • • , £fc-i)> and bk is a function of (z±, . . . , zk-i,Uk, ■ ■ ■ , Vk-iji f° r 
k = K, . . . ,N. With these notations, we have 

Vk = ^{x k b k -y k a k ), k = K,...,N. (17) 
\x k \ ^ \a k \, k = K,...,N. (18) 

N 

Area(S) > Vk . (19) 

Recall that, by definition of admissible triple, the complex numbers z\, . . . , Zk-i correspond to 
some edges of T in the boundary of £, or equivalently to some edges of the forest A. Therefore, we 
have 

K-l 



f(A) > Yl N 2 (2°) 



Consequently, we have 



k=l 



K-l N 



Q s exp(- ^2 \ z k\ 2 ~ ^2 % ) ( 21 ) 



k=l k=K 

Therefore, to prove (16), it suffices to show 
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Lemma 4.17 

. K-l N 

X = / exp(- ^2 \ z k? ~ ^2 Vk)d\2N < oo (22) 

Jw ' fc=l k=K 

Proof: Fix . . . , z K -i) eC AM and (x K ,...,x N ) and set 

Ws((zi, . . . • • -,x N )) = {(vk, ■ ■ ■ ,Vn) G M^"^ 1 such that 

(zi, . . . ,z K -i,xk + Wf, ...,x N + iy N ) € W s } 

Consider the following integral 

AT 

X((zi, . . . , ZK—i)i ( x k, • • • , zjv)) = / exp(- ^ rj k )dy K ■ ■ ■ dy N . 

Jw s {(zi,...,zk-i);(3:k,—, x n)) k = X 

Making the change of variables (yx, ■ ■ ■ , Vn) > (jlK> ■ ■ ■ , w)> using (17), and the fact that, with 
(z\, . . . , zk~i,xk, ■ ■ ■ ,xn) fixed, a k is constant, and b k is an affine function of (yx, • • • , Uk-i)> for any 
k = K, . . . , N, we have: 

| Off . . . a7v| 

• • • dr] N = 2N _ K+1 dy K . . . dy N . 
Since for k = K, . . . , N, the function r] k is positive on W S) it follows 

l((zi, . . . ,zk-i)](xk, ■ ■ ■ ,xn)) i r / e~ VK drjK ■ ■ ■ e~ m dr)N 

\a,K ■ ■ ■ a,N\ Jo Jo 
2N-K+1 
< . 



OK" • ■ ■ a>N\ 



Now, set 

W; = {((z 1 ,...,^ 1 );fe...,x w ))eC A '- 1 xM™ : \x k \ ^ \a k \, k = K,...,N}. 
We have 

K-l 



1=1 exp(- V] \z k \ 2 )l{(zi, . . . ,z K -i);{xk, ■ ■ ■ ,x N ))dxidyi. . .dx K -idy K ~idx K ■ ■ -dx N , 

r K ~ l 2 N ~ K + 1 

^ / exp(— \z k \ 2 )-, -dx\dy\ . . . dxK-idyx-idxx ■ ■ ■ dxw, 

Jw* fr[ \a K ---a N \ 

r *^ r\ a K\ r\m\ 2 N ~ K+1 
< / exp(- } \z k \ 2 )[ / [•••[/ 1 :dx N ] . . . }dx K ]dxidyi . . . dx K -idy K -i- 

JC*- 1 r^f J-\au-\ J-\a N \\ a K ■ • -OJV 
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Using the fact that does not depend on Xk, ■ ■ ■ , xn for k = K, . . . , N, we see that 

»\a K \ r\a N \ 2 N ~ K + l 



N-K+l 



-fix at] • • • \dxK = 4 
\a K \~ 'J-\a N \ \aK---a N \ 

Hence, 

1 <: 4 N ~ K+1 [ e -(l*il a +""H**-il 2 )dxidyi . . . dx K -idy K -i < oo. 
The lemma is then proved. □ 
The proofs of Proposition 4.16, and of Theorem 1.1 are now complete. □ 

5 Finiteness of the volume of moduli spaces of translation surfaces 

In this section, we prove Theorem 1.2 using Theorem 1.1. Recall that H(ki, . . . , k n ) is the moduli 
space of triples (£, {xi, . . . , x n }, £), where £ is a translation surface, {x\, . . . , x n } is the set of marked 
singularities of S with cone angles {(k\ + 1)2tt ; . . . , + l)27r} respectively, and £ is a unitary parallel 
vector filed on the complement of the set {x\, . . . , x n }. An element of %{ki, . . . , k n ) can be identified 
to a pair (M, u>), where M is a connected, closed Riemann surface, and a; is a holomorphic 1-form 
on M having exactly n zeros with orders k\, . . . ,k n . Using this identification, one can define a local 
chart for H(ki, . . . , k n ) in a neighborhood of a point (M, uj) as follows: let p±, . . . ,p n denote the zeros 
of u, and let (71, ... , ^g+n-i) be a basis of H\(M, {p\, . . . ,p n }, Z). There exists a neighborhood U 
of (M,u) in %{k\, . . . , k n ) such that, for any (M',u') in U, (71, . . . ,72 S + n -i) gives rise to a basis 
(7^, . . . , 72 S + n _i) of Hx{M' , {p[, . . . ,p' n },Z), where p[, . . . ,p' n are the zeros of uj' . It follows that the 
map 

$ . U > C2g+n-l 

(M', uj') ^ (J^,..,/^/) 

is a local chart. Let no denote the pull-back of the Lebesgue measure of C 29+n_1 by then no is a 
well-defined volume form on %{ki, ... ,k n ). 

Since %{ki, . . . , k n ) is a special case of flat surface with erasing forest, where all the trees in the 
forest are points, on T-L{k\, . . . ,k n ), we also have a volume form ^Tr- It turns out that(cf. [N]), on 
each connected component of %{ki, . . . , k n ), we have /xtt = A^O; where A is a constant. 



5.1 Translation surface with a marked geodesic segment 

To prove Theorem 1.2, we first consider a space A4 (A, a) where all the trees in A but one are points, 
and the remaining one is a segment, together with a projection g : Ai ct (A,a) — > T~L{k\, ■ ■ ■ , k n ) which 
is (locally) a fiber bundle. We then use Theorem 1.1, and the fact that the integral of J- on the 
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fibers of g is constant to conclude. 

Set on = 2{ki + 1), i = 1, ...,n. Let A\ be a topological tree isomorphic to a segment, and for 
i = 2, ... ,n, let Ai be just a point. Let a denote the vector (2ir, a.\, . . . , a n ), and A denote the family 
{^4i, . . . ,A n }. Consider the space .M et (.4,a) with the previous data. In this case, Ai et (A, a) is the 
moduli space of triples (£, {I(x%, x), X2, ■ ■ ■ , x n }, £), where 

. £ is a translation surface, 

. {x±, . . . , x n } is the set of singularities of £ with cone angles {«i, . . . , a n } respectively, 

. x is a regular point of £, 

. I(xi,x) is a geodesic segment joining the singular point x\ to x, 

. and £ is a unitary parallel vector field on the complement of I(xi,x) U {x2, • • • , x n }. 

By definition, we have a natural projection g from A^ et (»4, a) to %{k\, . . . , £;„) consisting of forget- 
ting the segment I(x\,x), that is 

g: (Il,{I(x 1 ,x),X2, ■ ■ ■ ,x n },£) i — > (S, {xi, . . . , x n }, £). 

Let = dime . . . , £;„), clearly, dime -M et (y4, a) = iV + 1. Let //Tr, and //Tr denote the volume 

forms on A4 et (A, a) and H(ki, ■ ■ ■ , k n ) arising from admissible triangulations respectively. 

Let $ denote the period mapping defining a local chart of H(ki, . . . ,k n ) in an open set U. We 
can then define some local charts $ for A4 et (A,a) whose domains cover g~ l (U) as follows: first, we 
identify any (£, {x\, . . . , x n }, £) in U to a pair (M, w), if <£(£, {xi, . . . , x n }, £) = (21, ... , zat), then 
$(£, {/(xi,x),x 2 , • • • ,x n },£) = (z 1 , . . . ,z N ,z N+1 ), where 



ZN+l = 




and the integral is taken along I(xi,x). In the local charts and <3?, the map g can be written as 

g(z 1 , . . .,z N+1 ) = (zi,. . .,z N ). 

Let A27V, and A 2 (tv+i) denote the Lebesgue measures of C^, and C N+1 . Up to some multiplicative 
constants depending on the connected component of (£, {x±, . . . , x n }, £) in H(ki, ■ ■ ■ , k n ), we can write 

/i^ = $*A 2A r and /2 Tr = $*A 2(A r+i)- (23) 

5.2 Proof of Theorem 1.2 

Consider a point (S, {sci, . . . , x n }, £) in H(ki, . . . , k n ). Fix a unitary tangent vector t>i G T X1 S, we can 
then identify the set of unitary tangent vectors of T X1 T* to R/(aiZ). Any geodesic segment in £ which 
contains x\ as an endpoint is uniquely determined by its tangent vector at xi, and its length. Hence, 
we have an injective map: 
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<p : {xi, . . . , x n }, £)} — ► (M/(QiZ)) x R+. 

Let U be a neighborhood of (E, {a;i, . . . , x n }, £) in ~H(ki, . . . , k n ) on which a local chart can be defined 
by some period mapping $. For each point (£', {x' t , . . . , x' n }, £') in we choose a tangent vector v[ 
in Tj./ £' to be the reference vector, we can assume that v[ varies continuously as (£', {x[, . . . , x' n }, £') 
varies in ti so that the map <p can be extended into an injective, continuous map: 

<p : Q~ l {U) — > U x (R/aiZ) x M + . 
Using the local charts $ on g (U), we can write 

99(^1, . . . , zat+i) = ((21, ... , 2jv), arg(zjv+i) + c, I^jv+i |), where c is some constant (24) 

Let d9, and dr denote the standard measures on R/(aiZ), and M + respectively. From (23), and (24), 
we have 

tp^dftTr = rd[j>T T d9dr. 

Consequently, 

f e -Area( S )-^(J) dM = /" e'^^ rd^dOdr. (25) 

By a well known result (for example, see [MT], Theorem 1.8), we know that, on a translation surface, 
there exists a countable subset G of M/aiZ such that if 6 is not in 0, then the geodesic ray starting 
from x\ in the direction 6 can be extended infinitely. It follows immediately that </?((? _1 (Z^)) is an open 
dense subset, hence of full measure, of IA x (R/aiZ) x R + . Therefore, we have 



[ e - Area(s) - r2 r^ T r^dr = / e - Area(E) - r2 r(f/iTr<i0dr, 

J<p(e~ 1 (U)) Jux(R/a 1 Z)xR+ 

Jo Jo Ju 



'0 JO JU 

2 JU 



It follows from (25) that 

f e -Area(E)-^(/) dATk = ^ /" g - Area(E) ^ (2g) 

Jg-i-iU) 2 7w 

Since (26) is true for any small neighborhood U in ~H(ki, . . . , fc n ), we deduce that 



JM et (A,a) z Jn(k u ...,k n 



-AreaCE)-^^)^ = «1 /" ^Area^)^ 
2 J^ffei 

By Theorem 1.1, we know that 
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JM ct {A,a) 

Therefore, 

j g-AreaCE)^ < ^ 

JH(ki,...,kn) 

and Theorem 1.2 is then proved. □ 



6 Finiteness of /J^.(Mi(S 2 , a)) 

In this section, we are interested in the moduli space of flat surfaces of genus zero with prescribed 
cone angles. Let A4(S 2 ,a)* denote the moduli space of flat surfaces having n singularities, which are 
numbered, with cone angles given by a = (ai, . . . , a n ). Recall that we have a volume form /iTr on the 
space M(E> 2 ,a) = M(S 2 ,a)* x S 1 , which is defined by identifying locally M(S 2 ,a) to M et (A,a), with 
some appropriate choice of A. Let A4i(§ 2 , a)* de the set of surfaces having unit area in .M(S 2 , a)* , and 
7Wi(S 2 , a) denote the product space A4i(S 2 ,a)* x S 1 . The space A4i(S 2 , a)* can be considered as the 
moduli space of the configurations of n marked points on the sphere § 2 up to Mobius transformations. 

The volume form /i^ induces naturally a volume form //^. on the space A4i(S 2 ,a) = Area _1 ({l}), 
and hence, a volume form on 7Wi(S 2 , a)* by pushing forward. As we have seen in the introduction, 
Theorem 1.4 is equivalent to the finiteness of ^ r (A4i(§ 2 , a)), and of /i^ r A / li(§ 2 , a)*. Our aim in this 
section is to prove Theorem 1.4 using Theorem 1.1. 



6.1 The function 5 

Let S be an element of Ai(E 2 , a)* . Let x±, . . . ,x n denote the singular points of £ so that the cone 
angle at Xi is a». Let d denote the distance induced by the flat metric on S. For any subset / of 
{1, . . . ,n}, let diamf(E) denote the diameter of the set {xj, i € /}. We define 

(5/(11) = min{d(xj,Xj) : i € I, j £ I}, 

and 

1 \ otherwise. 

A subset I of {1, . . . , n} is called essential if we have 

ai 2vrN. 

We define a function S on the space M(S 2 ,a)* as follows 
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for every E G X(S 2 , a)*, 5(E) = max{£j (£) : I C {1, . . . ,n}, / is essential }. 
Remark: The function 5 is always positive, since when / = {i}, we have 

<5{j } (£) = mm{d(xi,Xj), j / *} > 0, 

and there always exists i £ {l,...,n} such that aij 2-7rN, which means that {i} is essential. To 
simplify the notations, we also denote by 5 the composition of 5 with the natural projection from 
M(S 2 ,a) = M(S 2 ,a)* x S 1 onto M(S 2 ,a)*. 

6.2 Good tree and good forest 

Fix a surface E in A4(§> 2 , a)*, and let x\, . . . , x n denote the singular points of E so that the cone angle 
at Xi is a%. Let V denote the set {xi, . . . ,x n }, and set 5 = 5(E). For any geodesic tree A on E, we 
denote by Ver(^4) the vertex set of A, max(A) the length of the longest edge of A, and by R(^4) the 
distance from Ver(A) to the set V \ Ver(A). 

Definition 6.1 Let A be a geodesic tree in E whose vertex set is a subset o/V. Let k be the number 
of edges of A. The tree A is said to be good, if either A is a singular point with cone angle in 2-7rN ; 
or k ^ 1 and we have 

• max(A) < 4 fc_1 5, 

• diam(Ver(A)) < 4 fc ~ 1 5, 

• The set of indices corresponding to the vertex set of A is non essential, that is the sum of all 
cone angles at the vertices of A belongs to 2irN. 

• Either Vev(A) = V, or R{A) > 3.4* -1 *. 

A union of disjoint good trees such that the union of the vertex sets is V is called a good forest. 

We have 

Lemma 6.2 There always exists a good forest in E. 

The proof of this lemma is given in Appendices, Section A. 

Corollary 6.3 There exists a constant k depending only on n such that for any E in M(S 2 ,a)*, there 
exists an erasing forest A in E which verifies 

1(A) < k5. 
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Proof: By Lemma 6.2, we know that there exists a good forest A = LAjL-^Aj in E. By definition, for 

every j € {1, . . . , n}, the sum of the cone angles at the vertices of Aj belongs to 27rN, therefore, A is 
an erasing forest. Since every tree Aj in A is good, we have 

£{Aj) ^ kj&t-H, 

where kj is the number of edges of Aj. Observe that ki + • • • + k m = n — m ^ n — 1. Therefore, we 
have 

m 

and the corollary follows. □ 



6.3 Proof of Theorem 1.4 

Theorem 1.4 is a consequence of two following propositions: 
Proposition 6.4 We have 

/ exp(— Area — <5 2 )d/iTr < oo. 

■Am (§ 2 , «) 

and 

Proposition 6.5 There exists a constant C(a) depending on a such that for any surface S in 
M(S 2 ,a)* we have 

5 2 (S) < C(a)Area(S). 

The proof of Proposition 6.5 is rather straight forward but quite lengthy, it will be given in Appen- 
dices, Section B. Here below, we give the proof of Proposition 6.4 using Corollary 6.3. 

Proof: (of Proposition 6.4) Let *4 a d(a) denote the set of all families A = {Ai, ■ ■ . , A m } (0 < m < n) of 
topological trees, whose vertices are labelled by {1, . . . , n}, up to isomorphism, verifying the following 
condition: if Ij, j = 1, . . . , m, is the subset of {1, . . . , n} in bijection with the vertices of the tree Aj, 
then 

on £ 2ttN. 

ieij 

For each A = {Ai, ■ ■ ■ , A m } G ^4 a d(«) 5 let denote the subset of A4 et (A, a) consisting of all triples 
(£, A, £) satisfying the following condition: 

£(A) ^ «<5(E), 
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where k is the constant in Corollary 6.3. Let p^ denote the map from Ai et (A,a) onto .M(S 2 ,a)*, 
which associates to every triple (E, A, £) the surface S. From Corollary 6.3, we know that the family 

i V A = Pa( U a) : A G Ad (a)} 

covers the space M.(S 2 , a)* . Let p\ be the natural projection from M.(S 2 ,a) onto .M(S 2 , a)*, it follows 
that the family 

{pT\V a ) : Ae Adfe)} 

covers the space Al(S 2 ,a). Since the set .4 a d(a) is finite, it is enough to show that, for every A in 
A&d (a) , we have 

/ exp(-Area - S 2 )dpT T < oo. (27) 

Since the space M.(§ 2 ,a) can be locally identified to Ai et (A,a), we have 

/ exp(— Area — 5 2 )dp^ r = I exp(— Area — 5 2 )dpf r 

JpiHVjd ' Ju A 

By definition, for every (£, A,!;) in U^, we have £(A) ^ It follows 

/ exp(-Area - 8 2 )dp^ r ^ / exp(-Area — \i 2 )dp^ r (28) 



By Theorem 1.1, we know that the right hand side of (28) is finite. Consequently, (27) is true, and 
the proposition follows. □ 

Proposition 6.4, and Proposition 6.5 imply that 

/ exp(-(l + C(ai))Area(.))dMTr < oo (29) 

JM(S 2 ,a) 

which is equivalent to 

/ exp(— Area(.))c?/UTr < oo (30) 

JM(S 2 ,a) 

since both (29), and (30) are equivalent to the fact that the volume of A4i(E> 2 ,a) is finite. The proof 
of Theorem 1.4 is now complete. □ 
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Appendices 



A Existence of good forest 
A.l Existence of good tree 

Let E , xi, . . . , x n , V, 5 be as in Section 6.2. Let d denote the distance induced by the metric of E. Let 
us start by proving the following 

Lemma A.l For any E in A4(8 2 , a)* , there always exists a good tree on E. 
Proof: First, let e be a geodesic segment which realizes the distance 

min{d(x.j, Xj), oti ^ 2irN and i ^ j}. 

By definition, we have 

leng(e) = min{<5+ } (E), oa 2ttN} s: 5. 
Let A 1 denote the tree which contains only the segment e. By assumption, we have 

max(^4 x ) = diam(Ver(A 1 )) = leng(ei) ^ 5. 

Consider the following procedure, which will be called the vertex adding procedure: suppose that we 
already have a geodesic tree A k , k ^ 1, connecting k + 1 points in {x%, . . . , x n } verifying the following 
condition: 

f max(A fc ) ^ 4 fc ~ 1 (5, 
W \ diam(Ver(A fc )) sC 4 k ~ l 5. 

Let I be the subset of {1, . . . , n} corresponding to the vertex set of A k . We have two cases: 

- Case 1: / is essential. In this case, let e& + i be a segment realizing the distance <5r(E), and let Xj 
be the endpoint of e^+i which does not belong to Ver(^4 fc ). By definition, we have either 

. leng(efe + i) ^ 3diam(Ver(j4 fc )) or, 
. leng(e fc+ i) ^ 5. 

Since diam(Ver(^4 fc )) ^ 4 k ~ 1 5, it follows that leng(efe +1 ) ^ 3A k ~ 1 5, in both cases 

Slit open the surface E along the tree A k , and let E' denote the new surface. The vertex set 
Ver(A k ) of A k gives rise to a finite subset V k of the boundary of E'. Let us prove that the 
distance in E' from Xj to V k is at most A k 6. 

Consider e^+i as a ray exiting from Xj, and let y be the first intersection point between e^+i and 
the tree A k . Since we have max(^4 fc ) ^ A k ~ 1 5, there exists a path in E joining xj to an endpoint 
of the edge containing y without crossing any edge of A k , whose length is at most 
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3A k ~ l 5 + 4 fe_1 «5 = A k 5. 



Because this path does not cross any edge of the tree A k , it represents a path on £' joining Xj 
to a point in V k . Thus, we deduce that the distance between Xj and V k in £' is at most 4 k 5. 

The path realizing the distance from Xj to F fc in £' corresponds to a path a in £ which is 
piecewise geodesic with endpoints in V, joining Xj to a vertex of the tree A k . Note that we have 

leng(a) < 4 k 5. 

Adding a to A k , we get a new tree which contains k + r edges, and will be denoted by A k+r , 
where r is the number of geodesic segments with endpoints in V contained in a. Let us prove 
that this new tree also verifies the condition (*). 

• If r = 1, then Ver(yl fc+1 ) = Yei(A k ) U {xj}. Since diamf^) ^ 4 fc_1 <5, and the distance 
from xj to Ver( J 4 fe ) is at most 3.4 fe_1 <5, we deduce that 

diam(Ver(A fc+1 )) < 4 fc_1 (5 + 3.4 fc_1 <5 = 4 fc <5. 

By assumption, we know that max(^4 fc ) ^ 4 fc_1 5, and we have proved that the length of the 
added edge is at most 4 k 5, hence, we have max(^4 fc+1 ) ^ 4 k 5. 

• If r > 1, it means that the path a contains some points of V in its interior. The distance 
from these points to the set Ver(^4 fc ) is bounded by the length of a which is at most 4 k 5. 
Hence, the diameter of the set Ver(yl fc+r ) is at most 

A k-l 5 + 4 k 6 ^ 4 k+r-l ( y - 

As for m&x(A k+r ), we have 

m&x(A k+r ) ^ max{max(^l fc ), leng(a)} ^ 4 k 5. 
We can now restart the procedure with A k+r in the place of A k . 

- Case 2: I is non-essential. In this case, if Ver(,4 fe ) = V, or R(Ver(A k )) > 3.4 fc_1 <y, then the 
procedure stops since we already get a good tree. Otherwise, there exist X{ in Vex(A k ), Xj in 
V \ Ver(A k ), and a geodesic segment e joining x\ to Xj with 

leng(e) < S.^" 1 *. 

Using the same arguments as in Case 1, we can add to A k some edges so that the new tree also 
verifies the condition (*), and repeat the procedure. 
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Since we only have finitely many singular points in E, the vertex adding procedure must stop, and we 
obtain a good tree. □ 



A. 2 Proof of Lemma 6.2 

By Lemma A.l, we know that there exists a good tree A\ in S. If Yei{Ai) = V, or every point in the set 
V\Ver(j4i) has cone angle in 2-7rN, then we are done. Otherwise, there exists a point X{ in V\Ver(^4i), 
with cone angle not in the set 27rN. In this case, we would like to construct a good tree Ai containing 
Xj by the vertex adding procedure. However, this procedure can not be carried out straightly because 
of the presence of the tree A±. Namely, it may happen that we have R(Ver(742)) ^ 3A k2 ~ 1 5, where ki 
is the number of edges of A2, but the segment realizing the distance d(Ver(A2), V\ Ver(^2)) intersects 
the tree A\ . 

To fix this problem, let us consider the following procedure, which will be called the tree joining 
procedure: let Ai, . . . , Ai be a family of disjoint geodesic trees whose vertex sets are contained in V. 
Let k\, . . . , ki, ki > 0, be the numbers of edges of A\, . . . ,A[ respectively. Assume that the family 
{Ai, . . . , ^4;} verifies the following properties: 

(a) A\,... } Ai_i are good trees, 
b) A\ satisfies the condition (*), 
c) diAi^r^A^KS.^S. 

Let s be a path of length at most 3A kl ~ 1 5 joining a point of A\ to a point of U.~^Aj. Without loss of 
generality, we can assume that s joins a point in Ai to a point in A1—1. Since both ^4/-i and A\ verify 
the condition (*), in particular, we have 

max(i,) ^ 4* ,_1 (5, and max(Af_i) ^ \ kl -^ x 8. 

It follows that there exists a path c joining a vertex of A[^\ to a vertex of A[ without crossing any 
edge of the family {Ai, . . . , A{\ such that 

leng(c) < 4^-^ + 3.4 fci-1 <5 + ^-^d < A kl+h ^8. 

Consider the surface with boundary £' obtained by slitting open S along the trees A\, . . . , A\. Let 
Cj, j = 1, . . . ,1, denote the connected component of <9£' arising from Aj, and V- denote the finite 
subset of Cj corresponding to the vertices of Aj . We denote by V' the finite subset of £' arising from 
V, note that V? = V H Cj. Let d' denote the distance induced by the metric structure of S'. 

The path c represents then a path c' in T,' joining a point x\ in V[ to a point x' l _ 1 in V/-,. Since 
leng(c') = leng(c) ^ we deduces that 

d'ix^x'^) ^ A kl+k '-^5. 

Let Cq be a path realizing the distance from to x\ in then c' is a union of geodesic segments 
with endpoints in V', and leng(cQ) ^ 4 fc ;+ fc i-iJ. Now, the path c' corresponds to a path cq in S, 
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joining a vertex of Ai to a vertex of A\—\. By construction, cq is a union of geodesic segments with 
endpoints in V, each of which is either an edge of a tree in {A\, . . . , A{\, or a geodesic segment which 
does not cross any edge of the trees in the family {A\, . . . , Ai}. As a consequence, the union of cq and 
all the trees in {Ai, . . . , A{\ which have at least a common point with cq is a geodesic tree. This new 
tree contains obviously Ai-i and A\ as subtrees, hence it contains at least k\ + ki-i + 1 edges. We 
denote by A',, this new tree, and by A\, . . . , A' v _^ the remaining trees in the family {^4i, . . . , ^4;}. 

It is a routine to verify that the family {A\, . . . , A' lt } also satisfies the conditions a), and b) of (**). If 
the condition c) still holds, then we can restart the procedure. Since the number of singularities of £ 
is finite, the procedure can be repeated until we get either 

. a single geodesic tree A verifying the property (*) or, 

. a family {A±, . . . , A}} of disjoint geodesic trees, verifying a), and b) of the condition (**), and in 
addition, we have: 

d(A h Ai U ■ • • U 1^) > ZA k ~i- l 8, 
where kr is the number of edges of Ar. 

Now, let us show that the tree joining procedure, and the vertex adding procedure in Lemma A.l 
will allow us to construct a good forest in S. First, by Lemma A.l, we know that, there exists a 
good tree A\. We will proceed by induction. Assume that we already have a family {A\, . . . ,A{\ of 
disjoint good trees. If the union of the vertex sets of A\, . . . , A[ is V, or all the remaining singularities 
have cone angle in 2-7rN, then we are done. Otherwise, we can start a vertex adding procedure with a 
singular point which is not a vertex of the family {A±, . . . , Ai}. 

The vertex adding procedure can be carried out until we get a new good tree Ai + i disjoint from 
A\ U • • • U Ai, or until we get a geodesic tree A such that 

. A satisfies the condition (*), 

. the segment realizing the distance d(Ver(A), V\Ver(^4)) intersects a tree in the family {A\, . . . , A{\. 



In the latter case, we see that the family {^i, . . . , Ai, A} satisfies the condition (**), therefore we can 
start the tree joining procedure. When this procedures terminates, we get a family of disjoint geodesic 
trees {Ai, . . . , A^}, it may happen that I = 1, where A\, . . . , Aj_ 1 are good, A? verifies the condition 
(*), and we can carry out the vertex adding procedure on Ar. Since the number of singularities of S 
is finite, this algorithm must terminate, and we obtain a good forest for S. □ 
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B Proof of Proposition 6.5 



Let Io be a subset of {1, ... ,71} such that <^(£) = 8(E) = 8. Let s be a geodesic segment joining a 
point :Ej with iq S Jo an d a point with ii Iq such that leng(s) = 8. Let p denote the midpoint 
of s. As usual, we denote by d the distance induced by the flat metric of S. First, we have 

Lemma B.l B(p,5/2) = {x G £ : d(p, x) < 8/2} does not contain any singular point o/E. 

Proof: Suppose on the contrary that a singular point Xk, with k £ {io,ii}, is contained in B(p,5/2), 
then we have d(xi ,Xk) < 8, and d(xi 1 ,Xk) < 8, but this would imply that <5/ (£) < 5, and we have a 
contradiction. □ 

Let D(8/2) denote the open disk with center (0, 0) and radius 5/2 in the Euclidean plane E 2 = R 2 . 
Let / be the isometric immersion from D{8/2) to E, which maps the horizontal diameter of D{8/2) 
to the segment s, and the origin (0,0) to the point p. The immersion / exists because the smallest 
distance from p to a singular point of £ is 8/2. 

Let e be the maximal value such that the restriction of / on the disk D(e8) with center (0, 0) and radius 
eS is an embedding. If e ^ 1/4 then there is an embedded Euclidean disk of radius 5/4 in S, which 
means that Area(S) ^ (7r<5 2 )/16. In what follows, we will suppose that e < 1/4, consequently, the 
set contains points other than (0, 0). Let p\ be the point in f~ 1 ({p})\{(0, 0)} closest to (0, 0). 

For any subset I of {1, . . . ,n}, we denote by aj the sum X^e/ a «i an d \\ a i\\ the distance from a\ 
to the set 7rZ in R. Set 

«0 = rnin{||a/|| : / C {1, . . . , n}, ||a/|| ^ 0}. 
Choose a number eo such that 

eo < min{l/6, sin(ao)/4}. 

We will prove that there exists an embedded disk of radius €q5 in S, which is enough to prove the 
proposition. 

Let do denote the horizontal diameter of D(5/2), and d\ denote the lift of s passing through p\. 
Let ci denote the segment joining (0,0) to p\ in D(5/2), and c denote the image of c\ under /, c is 
then a geodesic loop in X with base point p. Let be angle between do and d%, by this we mean the 
angle in [0;7r/2] between the two lines supporting d^ and d\. First, let us prove 

Lemma B.2 We have either 9 = 0, or e > eq. 

Proof: Remark that equals the rotation angle of the holonomy of c, which is the sum of some angles 
in {ai, . . . , a n } modulo it. Suppose that 9 / 0, then, by the definition of uq, we have 9 ^ «o- 
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If e < eo, then the distance from (0,0) to d\ is less than 2e$5 < sin(ao)5/2. Together with the fact 
that 9 ^ ao, this implies that d\ intersects do, in other words, the segment s has self-intersection, 
which is impossible. Therefore, we can conclude that either 9 = 0, or e > eo- □ 

If e > eo, then we are done. Therefore, we only have to consider the case 9 = 0, and we have 

Lemma B.3 If9 = 0, then the rotation angle of the holonomy of c is modulo 2tt. 

Proof: If it is not the case, then this angle equals ir modulo 2ir, and hence, the holonomy of c is the 
composition of a rotation of angle ir and a translation which maps (0, 0) to p±. Such a transformation 
must fix the midpoint q\ of the segment joining (0,0) to p\. It follows that q\ is mapped by / into a 
singular point of S, which is impossible because q\ is contained in the disk D{5/2). □ 

From Lemma B.3, we deduce that the image of D(5) under / contains a cylinder C with length 
(1 — 2e)5 and width bounded by 2e5. Remark that c is then a closed geodesic in C which cuts S into 
two flat surfaces with geodesic boundary, each of which is homeomorphic to a topological closed disk. 
We denote by So the flat disk that contains X{ . 

Lemma B.4 For any i in Iq, X{ is contained in So- 

Proof: Recall that by the definition of 5, we have 

diamjxj, i G Iq} < 5/3, 

which implies that d(xi ,Xi) < 5/3, for any i in Iq. If there exists % € Iq such that X{ £ So, then 
the path realizing the distance d(xj ,Xj) must intersect the closed geodesic c, therefore it crosses C. 
Consequently, 

d{x i0 , Xi ) > (1 - 2e)6 > 2/35, 
which is impossible. □ 

The rotation angle of the holonomy of c equals the sum of all cone angles at singular points in So 
modulo 2tt. By assumption, we know that a/ 2ir'Z, it means that So contains singular points which 
do not belong to {xi, i £ Iq}. Note that we have 

mm{d(xi,Xj}, i G I , j Iq, %j € S } ^ <5/ ( £ ) = S - 

Since So is a flat surface with geodesic boundary which contains no singularities on the boundary, we 
can restrict ourselves into Sq and restart the whole procedure. This procedure can be continued as 
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long as the rotation angle of the loop c is zero. 

Since we only have finitely many singular points in S, the procedure must stop, and we get a point in 
£ whose injectivity radius is at least eoS. Proposition 6.5 is then proved. □ 
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